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It is well-known in the literature that the free disposability or the desirability of
all the commodities is needed to ensure the existence of an equilibrium in a large
economy with a continuum of economic agents. This is a stark contrast to the case
of economies with a ﬁnite number of agents, where an equilibrium can be shown to
exist without assuming the free disposability nor the desirability of the commodities
in case that negative prices are allowed to coordinate demands and supplies. This
diﬀerence originates in the fact that feasible allocations to individuals are bounded
by the totally available resources in ﬁnite economies whereas in economies with an
inﬁnite number of agents what each individual can feasibly consume need not be
bounded by the average of totally available resources.
The purpose of our paper, however, is to show that the assumption of the free
disposability nor the desirability of all the commodities is not needed for the ex-
istence of an equilibrium even in a large economy with a continuum of economic
agents provided that negative prices are allowed and that the preference distribu-
tion among the agents satisfy a mild requirement that “if there are unboundedly
desirable commodities, they must be unanimously regarded as such by almost all
members of the economy.”
11 Introduction
It is well-known in the literature that the free disposability or the desirability of all the
commodities is needed to ensure the existence of an equilibrium in a large economy with
a continuum of economic agents. This is a stark contrast to the case of economies with
a ﬁnite number of agents, where an equilibrium can be shown to exist without assuming
the free disposability nor the desirability of the commodities in case that negative prices
are allowed to coordinate demands and supplies. This diﬀerence originates in the fact
that feasible allocations to individuals are bounded by the totally available resources in
case of ﬁnite economies whereas in case of economies with an inﬁnite number of agents
what each individual can feasibly consume need not be bounded by the average of totally
available resources.
The purpose of our paper, however, is to show that the assumption of the free dispos-
ability nor the desirability of all the commodities is not needed for the existence of an
equilibrium even in a large economy with a continuum of economic agents provided that
negative prices are allowed and that the preference distribution among the agents satisfy
a mild requirement that “if there are unboundedly desirable commodities, they must be
unanimously regarded as such by almost all members of the economy.”
In the literature there have been two types of proofs showing the existence of an
equilibrium in a large economy. One is by Aumann [2] and Schmeidler [16] while the other
is by Hildenbrand [8]. In both of these types, they ﬁrst show the existence of equilibria
in an environment where individual consumption sets are eﬀectively bounded. Then, by
considering a sequence of equilibria in an economy with bounded consumption sets where
bounds are allowed to increase indeﬁnitely, an equilibrium for the original economy is
shown to exist by appealing to strictly positive limit prices in case of Aumann [2] and
Schmeidler [16], and to the Fatou’s lemma in several dimensions in case of Hildenbrand
[8].
The strictly positive prices at a limit eventually establish bounds for budget sets
along a convergent subsequence, implying that “bounded partial equilibria” along the
subsequence eventually become equilibria.
However, the very reason that equilibria (without free disposal of commodities) existed
is due to the fact that no one wanted to discard any commodities as all of the commodities
are perceived as (unboundedly) desirable. Thus, strictly speaking from a theoretical point
of view, one cannot answer the question of whether the market price mechanism can
coordinate demands and supplies when the disposal activity of commodities is costly, if
one assumes the desirability of all the commodities. The point here is that one needs to
establish that market prices can indeed coordinate market forces of demand and supply
even if unwanted commodities cannot be discarded freely in a large economy.
Once the assumption that all the commodities are desirable is dropped, we are in
the set-up of Hildenbrand [8]. In that framework a diﬃculty arises at a step where the
Fatou’s lemma in several dimensions is applied to a subsequence. This lemma is applied
to a subsequence in order to obtain an equilibrium with free disposal. In this step one
2cannot hope to obtain an equilibrium with exact feasibility unless the result of the Fatou’s
lemma in several dimensions is strengthened by appealing to an economic context.
Before we give a statement of the main result of this paper, we would like to take time
to explain in more detail the nature of a diﬃculty in providing an equilibrium existence
result in a large economy.
2 A Problem of a Purely Finitely Additive Measure
Arising from the Fatou’s Lemma in Several Dimen-
sions
2.1 Two typical types of existence proofs
Let us brieﬂy explain some basic features of existing existence proofs in large economies
with a measure space of economic population so that the nature of diﬃculties in providing
an existence proof of an equilibrium without assuming the free disposability of commodi-
ties nor assuming all the commodities to be unboundedly desirable become clear.
We will consider a large economy E : (A,A,ν) → P × R` with an atomless measure
space of economic population given by (A,A,ν) with ν(A) = 1. E is a measurable map,
and E(a) = (Âa,e(a)) with e(a) = 0, 0 <
Z
edν < ∞ and a preference relation Âa on
Xa ≡ R`
+ which is continuous, i.e. open in Xa ×Xa, and negatively transitive, i.e. z 6Âa x





fdν. A preference relation Âa is locally nonsatiated if for any x ∈ Xa and for
any neighborhood U of x there is z ∈ U such that z Âa x. A preference relation Âa deﬁned
on R`
+ is said to be monotone if for any x ∈ R`
+ and v ∈ R`
+ \ {0} one has x + v Âa x.
Commodity j is desirable if for any x ∈ R`
+ and any t > 0 one has x + tuj Âa x where
uj ∈ R` is the vector with 1 in the j-th place and 0 elsewhere. If all the commodities are
desirable, then the preference relation is monotone.










A price vector is a member p of R` such that p 6= 0. Note that negative prices are
allowed to coordinate demands and supplies of possibly undesirable commodities, and
that some of the prices may be 0.
An equilibrium for E is a pair (p,f) consisting of a price vector p ∈ R` \ {0}, and an
allocation f : A → R` such that
1Here we are assuming the simplest type of consumption sets as in [2] and [16] since a way to deal
with the case of consumption sets or the commodity space that need not be convex are well understood.
See [18] and [19].
31. f(a) ∈ B(a,p) and B(a,p)∩ Âa (f(a)) = ∅ a.e. a ∈ A, where















e, then the pair (p,f) is called an equilibrium
with free disposal.






















where u is the vector (1,... ,1).
A pair (p,f) consisting of a price vector p ∈ R`\{0} and an allocation f is a k-bounded
partial equilibrium for E if an equilibrium is deﬁned with respect to Bk(a,p) instead of
B(a,p)
There are two strands of existing fundamental results on the existence of equilibrium in
the literature. One is by Aumann [2] and by Schmeidler [16], and the other by Hildenbrand
[8].
THEOREM by Aumann and Schmeidler (Aumann [2] and Schmeidler [16]): Given
an economy E, assume, a.e. a ∈ A, Âa satisﬁes the desirability of all commodities. Then,
an equilibrium (p,f) exists with p ∈ R`
++.
THEOREM by Hildenbrand (Hildenbrand [8]): Given an economy E, an equilibrium
(p,f) with free disposal exists where p ∈ R`
+ \ {0}.
In the following two subsections we like to note and comment on the basic features of
the proofs of these theorems so that the nature of the problem at hand is well understood.
2.2 Basic features of existing existence proofs
In this subsection we ﬁrst brieﬂy describe main steps of each of the proofs by Schmeidler
and Hildenbrand schematically, and then turn to those of the Fatou’s lemma in several
dimensions.
2.2.1 Main steps of the proof by Schmeidler
Step SH1: Given an economy E, a k-bounded partial equilibrium (pk,fk) exists with
pk ∈ R`
+ \ {0} for each integer k > 1.
4Step S2: One takes a convergent subsequence pk → p and shows that the desirability
of all commodities implies p ∈ R`
++.
Step S3: The last step is to show that the sequence of k-bounded partial equilibria
(pk,fk) eventually becomes an equilibrium along the subsequence.
2.2.2 Main steps of the proof by Hildenbrand
Step SH1: Given an economy E, a k-bounded partial equilibrium (pk,fk) with free
disposal exists with pk ∈ R`
+ \ {0} for each integer k > 1.
Step H2: Given a sequence of k-bounded partial equilibria with free disposal, (pk,fk),
pk ∈ R`
+ \ {0}, it is shown that the Fatou’s Lemma in several dimensions implies the
existence of an integrable function f : A → R` such that f is a limit point of fk(a) a.e.





Step H3: It is shown that a pair (p,f) with p, a limit point of the sequence {pk}, is an
equilibrium with free disposal.
2.2.3 Fatou’s Lemma in Several Dimensions
In order to see why in the last step of the Hildenbrand’s proof one gets an equilibrium
without an exact feasibility, we like to take time to see the source of this inexactness of
feasibility. It originates in the Fatou’s lemma in several dimensions. The statement of the
lemma is given below and the main steps of it’s proof will follow.
[Fatou’s Lemma in Several Dimensions] Let fk : (A,A,ν) → R`
+, k = 1,2,..., be
integrable and limk
Z
fk exists. Then, there exists an integrable function f : A → R`
+ such
that






This lemma was ﬁrst proved by Schmeidler [17]. To understand a mathematical diﬃ-
culty involved in applying the lemma to the sequence of k-bounded partial equilibrium to
obtain an equilibrium at “a limit” as in the proof in 2.2.2, we like to show next the main
steps of the proof by Hildenbrand and Mertens [10].
Proof by Hildenbrand and Mertens:
Step 1: Deﬁne µk(E) =
Z
E
fkdν for E ∈ A and each k = 1,2,.... Then, µk ∈ ba
`, the
5`-fold product of bounded additive measures on (A,A). Since {µk(A)}k is bounded, by
the Theorem of Alaoglu {µ1,µ2,...} is relative σ`(ba,L∞)-compact. Thus, {µk(A)}k has
σ`(ba,L∞)-accumulation point µ ∈ ba
`.
Step 2: By the Theorem of Yoshida-Hewitt µ can be decomposed into two parts in such
a way that it can be written as
µ = µc + µp, µc,µp = 0
µc ∈ ca`, µp is purely ﬁnitely additive, (2.2)
where ca` is the `-fold product of countably additive measures on (A,A).
Take a Radon-Nikodym derivative g of µc with respect to ν. Then, one has
Z











However, at this stage one cannot say that g(a) is a limit point of {fk(a)}, a.e. in A. In
order to achieve this one needs one more step.
Step 3: One can show that there are δi
k = 0,i = 0,... ,`, with
P`
i=0 δi
k = 1, and
yi



























where δi = limnδi
kn.
2.3 A problem of a purely ﬁnitely additive measure arising from
the Fatou’s lemma in several dimensions
A problem underlying in proving the existence of an equilibrium in a large economy is
clearly understood by examining the steps of typical proofs provided in above subsections
2.2.1, 2.2.2, and 2.2.3. The ﬁrst proof by Aumann [2] and a subsequent proof by Schmeidler
[16] as illustrated by the steps in 2.2.1 relies on the assumption that all the commodities are
(unboundedly) desirable. This assumption was essential in establishing Step S2 where it is
shown that there is a subsequence of k-bounded partial equilibria whose prices converge
6to strictly positive ones. The strictly positive prices at the limit eventually establish
bounds for budget sets along the convergent subsequence, implying that k-bounded partial
equilibria along the subsequence eventually become equilibria.
However, the very reason that equilibria (without free disposal of commodities) existed
is due to the fact that no one wanted to discard any commodities as all of the commodities
are perceived as (unboundedly) desirable. Thus, strictly speaking from a theoretical point
of view, one cannot answer the question of whether the market price mechanism can
coordinate demands and supplies when the disposal activity of commodities is costly, if
one assumes the desirability of all the commodities. The point here is that one needs to
establish that market prices can indeed coordinate market forces of demand and supply
even if unwanted commodities cannot be discarded freely in a large economy.
Once the assumption that all the commodities are desirable is dropped, we are in the
set-up of Hildenbrand [8] except that his model is that of a production economy. In that
framework one could establish the existence of a k-bounded partial equilibrium without
free disposal because budget sets are bounded. A diﬃculty arises in the last step where
he applies the Fatou’s lemma in several dimensions. His method of proof is to apply
the Fatou’s lemma in several dimensions to a sequence of k-bounded partial equilibria
to obtain at “a limit point” an equilibrium with free disposal. In this step one cannot
hope to obtain an equilibrium with exact feasibility unless the result of the Fatou’s lemma
in several dimensions is strengthened. More precisely, in the statement of the lemma in
the subsection 2.2.3, the inequality in the second condition needs to be strengthened to
equality.
In following the steps of the proof by Hildenbrand and Mertens [10], one sees that there
appear to be two sources of this inequality. One is in Step 2. A purely ﬁnitely additive
part of the weak limit of the sequence of bounded measures, generated by the sequence of
allocations associated with k-bounded partial equilibria, gives rise to this inequality. The
second source is in Step 3 where one ignores the terms with coeﬃcients that go to zero,
which implies that the corresponding yi
kn’s could be unbounded.
However it may appear that these two sources are independent, they all boil down to
a non-vanishing purely ﬁnitely additive part in Step 2 of the proof of the Fatou’s lemma.
A problem is that it would reﬂect circumstances where a sequence of groups of agents
with declining weights down to null are assigned commodity vectors fk(a) which are
unbounded along the sequence of k-bounded partial equilibria. This type of phenomenon
will not arise when all the commodities are assumed to be (unboundedly) desirable since
strictly positive prices bound budget sets of agents.
Now, suppose that all the commodities are not unboundedly desirable. If we interpret
this statement to mean that there is “a uniform bound or a uniformly perceived bound”
for desirable commodities, then the problem referred to in the preceding paragraph should
not arise. Undesirable commodities will not pause a problem to this issue as consumption
sets are bounded from below. Thus, on an intuitive ground, only possible problematic case
is the one where there is a diversiﬁed perception concerning the bounds or unboundedness
of desirability of commodities. We shall give a formal statement of this intuition in the
7next section.
3 Statement of the Main Theorem
In order to obtain an equilibrium existence result without free disposal we shall introduce
an assumption which requires unanimous perception among economic agents as to which
commodities, if they exist, are unboundedly desirable.
Let J = {1,... ,`} be the set of indices of all commodities. Deﬁne a subset J+
Âa of J
consiting of “unboundedly desirable” commodities for agent a, that is, for each a ∈ A
J
+
Âa = {j ∈ J | (∀x ∈ Xa)(∃t > 0)x + tuj Âa x}.
Commodity j is an unboundedly desirable commodity for agent a, i.e. j ∈ J+
Âa, if,
regardless of how much the agent already consumes the amount of that commodity, there
always is a further increase of that commodity consumption which will be preferred by
the agent.
If the preference relation is monotone, then all the commodities are unboundedly
desirable. A desirable commodity is unboundedly desirable but not vice versa. In this
paper we do not require monotonicity of preferences. In fact, it is not necessary that
even one desirable commodity exists. Instead, what we require is that if it happens that
a commodity is unboundedly desirable for a non-null set of agents, then this perception
must be unanimously held by almost all agents.
Assumption [Unanimous Perception of Unboundedly Desirable Commodities (UP-





such that a.e. a ∈ A
1. J+
Âa = J+, and
2. (∀x ∈ Xa) x 6Âa xκ(J \ J+) where, for any x ∈ R`
+, xκ(J \ J+) is deﬁned by
¡
xκ(J \ J+)
¢i = min{xi,κ} for i ∈ J \ J+, and
¡
xκ(J \ J+)
¢i = xi for i ∈ J+.
The above assumption of Unanimous Perception of Unboundedly Desirable Commodi-
ties (UPUDC) says that almost every agent in the economy unanimously agrees on which
commodities, if any, are unboundedly desirable. The assumption is stated in two parts
to express that either almost everyone wants a commodity unboundedly or there is a
unanimously perceived bound as to how much each agent wants that commodity. Mathe-
matically speaking, the second requirement can be weakened. That is, instead of requiring
the unanimous perception of a bound κ of the commodities that are not unboundedly de-
sirable, the bound can depend on each agent a as long as κ(a) as a function from A into R`
+
is integrable. Of course, a part or the whole of the commodities could be “bads” or unde-
sirable without violating the above assumption. It should go without saying that if almost
8everyone regards all the commodities are unboundedly desirable2, then the assumption is
automatically satisﬁed.
We now give a statement of our main theorem.
Theorem 1 Given an economy E, an equilibrium (p,f) exists with p ∈ R` \{0} provided
that the preference distribution of E satisﬁes the assumption of Unanimous Perception of
Unboundedly Desirable Commodities.
Our main theorem conﬁrms our intuition that market prices can indeed coordinate
market forces of supply and demand even if unwanted commodities cannot be discarded
freely in a large economy if everyone agrees on as to which commodities are desirable
without any bounds. A mathematical diﬃculty of a purely ﬁnitely additive measure aris-
ing from the Fatou’s lemma is avoided because the unanimous perception of agents as to
which commodities are unboundedly desirable induces either strictly positive prices for
unboundedly desirable commodities that in turn limit the consumption of those commodi-

























































<(a,p) = {x ∈ B(a,p) | (∀z ∈ B<(a,p))z 6Âa x} ∩ K(a).
(4.3)
The ﬁrst step is to follow the standard proofs as in [2], [8], [16], and show the existence
of an (quasi-)equilibrium in k-bounded economies. The only diﬀerence from these proofs
is that negative prices are allowed so that prices can coordinate to achieve exact equality
between demands and supplies even if some of the commodities are unwanted, i.e.“bads”,
as in the case of the proofs of existence of an equilibrium (without free disposal nor
monotonicity) in economies with a ﬁnite number of agents (see [12], [13],[7], [3], [15]).
For this purpose we shall deﬁne the correspondences π : K → P, ϕ : P → K, and
Ψ : P × K → P × K by





























and f(a) ∈ D
k
<(a,p) a.e. a ∈ A
o
,
Ψ(p,x) = π(x) × ϕ(p).
(4.4)
The correspondence Ψ is well deﬁned and satisﬁes the conditions of Kakutani’s ﬁxed
point theorem (see, e.g., [2] pp.8-10, [16] pp.581-582, or [18] pp.550-551 ). So, let (p,x) ∈
Ψ(p,x). Since x ∈ ϕ(p), there is an allocation f : A → R`









e 6= 0. Since x =
Z
f ∈ ϕ(p), it follows that a.e. a ∈ A,






5 0. On the other hand, since
p ∈ π(
Z

































which is a contradiction. Therefore, f must be exactly feasible.
Thus, we have established that for each integer k = 1 there exists (pk,fk) satisfying
1. pk ∈ P,
2. fk(a) ∈ Dk






Since P is compact, there is a convergent subsequence of the sequence {pk}. We can
assume without loss of generality that the sequence itself is convergent so that pk → p.
We shall prove that the sequence (pk,fk) eventually becomes an equilibrium.
First, let
Wp = {a ∈ A | p · e(a) > inf p · Xa}.
If (∃j ∈ J)pj < 0, then Wp = A. If not, p = 0 and thus
Z
e > 0 implies p·
Z
e > 0, which
















Lemma 1 There is a subset U ⊂ Wp of strictly positive measure having the property that
fk(a) ∈ B for inﬁnitely many k, a.e. a ∈ U. (4.6)






k(a) > b. It follows that liminfk
P`
i=1 fi




















































a contradiction. This establishes the above claim.
Next, we prove the following lemma.
Lemma 2 For every j ∈ J+, we have pj > 0.
Proof By lemma 1, the compactness of B implies that, for a.e. a ∈ U, {fk(a)} has a
limit point y ∈ B. Taking a subsequence if necessary, one can assume fk(a) → y. Then,
p · y = lim
k
pk · fk(a) = lim
k
pk · e(a) = p · e(a).
11Now, suppose we had pj 5 0 for j ∈ J+. Then, since j ∈ J+ = J+
Âa, a.e. a ∈ A, by the






i for i 6= j, and z Âa y.
For this z, we have p·z 5 p·y = p·e(a). a ∈ Wp implies that there is z0 ∈ Xa = R`
+ such








Then, zn → z, and for all n, p · zn < p · e(a). For each n let k1(n) be such that
pk · zn < pk · e(a) for k = k1(n). As we have z Âa y, there is an integer n0 such that
zn Âa y for all n = n0. Since fk(a) → y, for each n = n0, there is an integer k2(n) greater
than k1(n) such that we have zn Âa fk(a) for k = k2(n). This contradicts the fact that
fk(a) ∈ Dk
<(a,pk) a.e. a ∈ A. Therefore, we must have pj > 0 for every j ∈ J+.
It follows from lemma 2 that there is a positive integer k0 such that for all j ∈ J+ we
have p
j
k = δ for all k > k0 for some δ > 0.













































































12Then, for any k > k1 when z ∈ B(a,pk), we have zj 5 k(1 +
P
i ei(a)) for each j ∈ J+.
Thus, if we have z / ∈ K(a), then it must be that zi > κ for some i / ∈ J+. So, deﬁne
the subset J− of J \ J+, and a “partially truncated” vector zκ of z by
J







zi if i ∈ J \ J−
κ if i ∈ J− . (4.10)
Since we have zκ ∈ K(a) and fk(a) ∈ Dk
<(a,pk), zκ 6Âa fk(a) for any k > k1. It follows
from the assumption of the unanimous perception of unboundedly desirable commodities
that we have z 6Âa zκ. Hence, by the negative transitivity of preference Âa that z 6Âa fk(a)
for any k > k1. This establishes that
fk(a) ∈ D(a,pk), a.e. a ∈ A for k > k1
where D(a,pk) = {x ∈ B(a,pk) | (∀z ∈ B(a,pk))z 6Âa x}. Therefore, a pair (pk,fk(a)) is
an equilibrium for each k > k1.
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